We study the subgroup E xt
Introduction
Let C be an Abelian category and Ch(C) denote the category of chain complexes over C. Given a chain complex X with differential maps ∂ X m : X m −→ X m−1 , for each m ∈ Z we consider three objects associated to m, namely: X m , Z m (X) = Ker(∂ X m ), and X m /B m (X), where B m (X) = Im(∂ X m+1 ). These particular choices of objects are functorial, i.e. they define the following functors Ch(C) −→ C:
• The m-component functor (−) m : Ch(C) −→ C is given by X → X m for every complex X, and if f : X −→ Y is a chain map, then f is mapped to the morphism f m : X m −→ Y m in C.
• The m-cycle functor Z m : Ch(C) −→ C is given by X → Z m (X) for every complex X, and if f : X −→ Y is a chain map, then Z m (f ) is the only morphism Z m (X) −→ Z m (Y ) induced by the universal property of kernels.
• The m-quotient functor Q m : Ch(C) −→ C is given by X → X m /B m (X) for every complex X, and if On the other hand, for every object C in C and for every integer m ∈ Z, there are two chain complexes associated to C:
• The m-disk complex centred at C, D m (C) is defined to be C in degrees m and m − 1, and zero in all other degrees, whose differential maps are all zero except for ∂
• The m-sphere complex centred at C, S m (C) is defined to be C in degree m, and zero in all other degrees, whose differential maps are all zero. In the case C is equipped with enough projective and injective objects, we can compute the extension The goal of this paper is to study Gillespie's adjointness properties in the context of relative homological algebra. For this purpose, it is useful to consider certain subgroups of Ext 1 C (C, D). Namely, if F is a class of objects of C, then we denote E 1 C (F ; C, D) the subgroup formed by those classes of extensions S which are also exact "relative to" F , i.e. that Hom C (F, S) is exact for every F ∈ F . One interesting fact we shall prove about these subgroups is that if F is an special pre-covering class, then Ext
, the first right derived functor of Hom C (−, −) computed by using resolutions of C by objects in F .
The contents of these paper are organized as follows. In Section 2 we recall the notions of pre-covering and pre-enveloping classes, left and right resolutions, and how they are used to obtain right derived functors of Hom C (−, −). Then in Section 3 we study the subgroups Ext 1 C (F ; C, D) of relative extensions and construct an isomorphism onto the right derived functors Ext 1 C (F ; C, D) in the particular case where F is a special pre-covering class. Section 4 is devoted to extend Gillespie's adjointness properties to the context of relative extensions. We recall the classes F and dw F of F -complexes and degreewise F -complexes induced by a class F of objects in C. We prove that the groups Ext 1 C (F ; X m−1 , C) and Ext 1 Ch(C) (dw F ; X, D m (C)) are isomorphic, and that the same is true for F . Later in Section 5 we continue our study of relative extensions applied to sphere chain complexes. We show that there are natural monomorphisms Ext
which are actually isomorphisms in the case where X and Y are exact and Hom C (F , −)-exact. We conclude this work presenting some applications of our results in the context of Gorenstein homological algebra, where we shall work with modules and chain complexes over a Gorenstein ring. In this particular setting, Gorenstein-extension functors GExt i (−, −) have their Baer description with respect to the class of Gorenstein-projective modules (or complexes), since these modules from a special pre-covering class. Moreover, it turns out that the class of Gorenstein-projective complexes coincides with the class of differential graded Gorenstien-projective complexes, and we shall use this characterization to provide another proof of the adjointness properties of GExt i (−, −) and sphere chain complexes.
2 Pre-covering classes and right derived functors of Hom C (−, −)
In this section we recall the notion of derived functors, as one of the key concepts in this work. We focus in the particular case of getting right derived functors of Hom C (−, −) from resolutions by a certain class of objects in an Abelian category. The theoretic setting presented below includes the computation of extension Ext i (−, −) and Gorenstein-extension GExt i (−, −) functors. If the reader in interested in more details on these topics, a good reference is [3, Chapters 8 & 12] .
Definition 2.1. Let F be a class of objects in an Abelian category C.
(1) [3, Definition 8.
Hom C (F , −)-exact if for every object F of F , the complex of Abelian groups
are defined dually.
If f satisfies (i) but may be not (ii), then it is called an F -pre-cover. The class F is called a (pre-)covering class if every object of C has an F -(pre-)cover. The dual notions of F -covers and F -pre-covers are those of F -envelopes and F -pre-envelopes.
The following proposition is not hard to prove.
Proposition 2.1. If F is a pre-covering class in C, then every object of C has a left F -resolution. Dually, if F is a pre-enveloping class in C, then every object of C has a right F -resolution.
Let T : C −→ D be a covariant functor between Abelian categories. Let G be a pre-enveloping class of
exists by the previous proposition, and denote by
deleting the term C. The cohomology of the complex T (G • ) defines the right derived functors of T , denoted
. If T is contravariant, then the right derived functors can be computed using left
Example 2.1. Let C and D be two objects of C, and F and G as above. The right ith derived functor of Hom C (−, D) evaluated at C is defined as the ith cohomology of Hom C (F • , D), and is denoted by
Dually, the ith cohomology of the complex Hom C (C, G • ) defines the right ith derived functor of Hom C (C, −)
In the case where F = P roj (C) is the class of projective objects of an Abelian category C with enough projective objects (so P roj (C) is pre-covering), then Ext Another interesting case is when we put F = GP roj and G = GI nj as the classes of Gorenstein-projective and Gorenstein-injective modules, respectively. In the particular setting when R is a Gorenstein ring, we can compute (exact) left Gorenstein-projective and right Gorenstein-injective resolutions of every module, and the groups Ext
is given by the class of the bottom row in the diagram above.
The importance of the groups Ext 
is exact for every F ∈ F .
(1) Note that the sequence Hom C (F, S 1 ⊕S 2 ) is exact since is it isomorphic to the direct sum of Hom C (F, S 1 ) and Hom C (F, S 2 ), which are exact.
since the functor Hom C (F, −) is left exact. Suppose we are given a morphism f : F −→ C. Then
It follows by the universal property of pullbacks that there exists a unique morphism h :
× C⊕C C such that the following diagram commutes:
(3) Finally, we show that the morphism Hom
where the top row is exact. Using diagram chasing, it is not hard to show that the bottom row is also exact.
Now we focus on proving that Ext
. As a first approach, it is well known that an isomorphism between Ext (1) The left orthogonal class of F is defined as
(3) The class F is said to be a special pre-covering class if every object has a special F -pre-cover.
The concepts of right orthogonal class, special pre-envelope and special pre-enveloping class are dual.
Note that every special pre-covering (resp. special pre-enveloping) class is a pre-covering class (resp. preenveloping class). The following lemma is easy to prove.
Lemma 3.1. Let F be a special pre-covering class. Then every object of C has an exact left F -resolution. 
, and since S is exact, there exists a unique homomorphism g S :
On the other hand,
is a well defined group homomorphism, where g S + Im (Hom C (f 1 , D) ) is the class of g S in Ext
Hence we may assume g s = 0. Note that there is a unique morphism k 0 :
To show that Φ is also epic, let h + Im(
Then we have h • f 2 = 0, and so there exists a unique morphism h
where f 1 is written as the epic-monic
Taking the pushout of j 0 : Ker(f 0 ) −→ F 0 and h ′ , we get the following commutative diagram with exact rows:
One can check that the following diagram commutes:
We have the following commutative diagram with exact rows:
To show that the bottom row is Hom C (F , −)-exact, it suffices to verify that for every F ∈ F , the homomor-
is commutative in the category of Abelian groups, where the top row is exact, so
is onto. Then
Remark 3.2. In the previous theorem, note that if F is a pre-covering class (not necessarily special), then the map Φ : Ext
defined in the proof is a group monomorphism. The fact that F is special is used to show that Φ is also onto.
Relative extensions and disk complexes
Suppose we are given an Abelian category C, an object C in C and a chain complex X over C. In . The goal of this section is to show that this isomorphisms have their versions in the context of relative extensions. We have to point out that if we are given a class F of objects of C, then we need to consider an appropriate class of chain complexes induced F . For our purposes, we are going to consider the following induced classes of chain complexes. Definition 4.1. Let F be a class of objects in an Abelian category C. A chain complex X over C is:
We shall denote by F and dw F the classes of F -complexes and degreewise F -complexes, respectively.
Many interesting examples of (special) pre-covering and pre-enveloping classes of complexes are F -complexes or degreewise F -complexes, for some pre-covering or pre-enveloping class of objects F . As a first example, recall that a chain complex is projective if it is a Proj(C)-complex (see [ and the degreewise flat complexes (see [1, Theorem 4.3] ). Dually, injective and degreewise injective complexes are pre-enveloping. We shall comment more examples in Section 6 in the setting provided by Gorenstein rings. Notice that from these examples it is natural to think that every pre-covering (pre-enveloping) class of objects induces a pre-covering (pre-enveloping) class of complexes. Complete cotorsion pairs provide a positive answer for special pre-covering (resp. special pre-enveloping) classes of modules (see [4, Chapter 7] ), but the author is not aware if this remains true in the non-special case.
Using the Baer description presented in Section 3, we present the first generalization of [7, Lemma 3.1].
Proposition 4.1. Let C be an Abelian category and F and G be classes of objects of C. If C ∈ Ob(C) and X, Y ∈ Ch(C), then we have natural isomorphisms:
Proof. We only give a proof for (1) and (2), since (3) and (4) are dual. In order to present a shorter proof easy to understand, we only focus on the case i = 1, but the arguments given below also work for i > 1. We consider the maps constructed in [7, Lemma 3.1] .
We have the following commutative diagram:
Since the bottom row is exact and the vertical arrows are isomorphisms, we have that the top row is also exact.
. It is not hard to verify that Φ is a well defined group homomorphism. Now we construct an inverse Ψ : Ext
. Taking the pullback of β and ∂ X m+1 , we get the following commutative diagram with exact rows: 
We prove that the previous sequence is Hom Ch(C) (dw F , −)-exact. Let F ∈ dw F and suppose we are given a map f : F −→ X. We want to find a chain map g :
. Now by the universal property of pullbacks, there exists a homomorphism g m+1 : F m+1 −→ Z × Xm X m+1 such that the following diagram commutes:
In order to show that g = (g k ) k∈Z is a chain map, it is only left to show the equality
• f m+2 , which follows by the universal property of the previous pullback square.
Then, we define a map Ψ :
. It is not hard to see that Ψ is a well defined group homomorphism such that id Ext 1
(2) We use the same construction given in (1). 
We have:
Note that the complex D m (F ) considered in the first part of the previous proof is actually a complex in F . So we can restrict Φ on Ext
, which is invertible in the case where F is closed under extensions, i.e. that if for every short exact sequence
Under this hypothesis, we have that F n ∈ F for every F ∈ F (it suffices to consider the sequence
Proposition 4.2. Let C be an Abelian category and F and G be classes of objects of C which are closed under extensions. If C ∈ Ob(C) and X, Y ∈ Ch(C), then we have natural isomorphisms:
It follows that when F and G are closed under extensions, we have:
, and
This seems to be a weird behaviour at a first glance, but this is clarified in the following proposition.
Proposition 4.3. Let C be an Abelian category and F and G be classes of objects of C which are closed under extensions. Suppose we are given short exact sequences of the form
(1) S is Hom(dw F, −)-exact if, and only if, it is Hom( F , −)-exact. 
Relative extensions and sphere complexes
In this section we study the connection between relative extensions and sphere chain complexes. In [6,
Lemma 4.2], J. Gillespie constructed two natural monomorphisms Ext
and Ext
, which are isomorphisms whether X is exact. We shall prove similar results for relative extensions with respect to the classes F and dw F , for a given class F of objects of C.
Proposition 5.1. Let C be an Abelian category, and F and G be two classes of objects of C which are closed under extensions. Let C ∈ Ob(C) and X, Y ∈ Ob(Ch(C)). There exist natural monomorphisms:
Moreover, if X and Y are exact and Hom C (F , −)-exact chain complexes, then (1) and (3) are invertible. Dually, the same is true for (2) and (4) if X and Y are exact and Hom C (−, G)-exact.
Proof. We only prove the case i = 1 for the statements (1) and (2). 
Hom Ch(C) ( F , −)-exact. Let F ∈ F and consider a chain map f : F −→ X. We construct a chain map
By the universal property of cokernels, there is a unique map f m :
commutes. On the other hand, we have
commutes. Since F is closed under extensions and F is exact, we have F m ∈ F . Using the universal property of pullbacks, we get the following commutative diagram
• f m+1 follows by the commutativity of the following diagram: 
On the other hand, 0
Hence, h is a chain map satisfying h
is a group monomorphism.
For the last part of the statement, we prove that (1) and ( 
. Consider F ∈ F and suppose that the
We show that the sequence
where the central row is exact for being naturally isomorphic to sequence 
−1 • r = r, and hence
is surjective. Finally, using diagram chasing, one can show that the top row is also exact.
Proposition 5.2. Let C be an Abelian category. Let C ∈ Ob(C) and X and Y be exact chain complexes. There exist natural monomorphisms:
Proof. We only prove (2) and (3) for the case i = 1. We know by [6, Lemma 4.2] that the mapping
gives rise to an isomorphism Ext
, since X is exact. It suffices to show that its restriction on E 1 Ch(C) (X, S m (C); dw G) is well defined. So consider an exact and Hom Ch(C) (−, dw G)-
We have the following
where the top row is exact. It follows the bottom row is also exact. 
• h ′ = h and the result follows.
Applications to Gorenstein homological algebra
In this section we shall work in the particular case where C is the category of left R-modules, with R a Gorenstein ring; i.e. R is left and right Noetherian and has finite injective dimension as a left and right R-module. It can be shown that both dimensions coincide to a non-negative integer n, and in this case we say R is an n-Gorenstein ring. In this particular setting, another theory of homological algebra can be developed from the notions of Gorenstein-projective and Gorenstein-injective modules (and complexes).
If R is a n-Gorenstein ring, then the the following conditions are equivalent for every left R-module M :
(1) M has finite projective dimension.
(2) M has finite injective dimension.
This fact was proven by Y. Iwanaga, and it is after him that Gorenstein rings are also known as n-Iwanaga- In the context of chain complexes over a Gorenstein ring, X is a Gorenstein-projective (resp. Gorensteininjective) complex if it is left orthogonal (resp. right orthogonal) to every complex with finite projective dimension. By [9, Proposition 3.1], we can notice that this class is given by W. The classes of Gorensteinprojective and Gorenstein-injective complexes are special pre-covering and special pre-enveloping, respec- For a Gorenstein version of Proposition 5.2, we do not need to assume that X is Hom C (GProj, −)-exact.
We shall see the reason in the proof of the following proposition. One may be tempted to prove this result by considering, for example, exact Gorenstein-projective resolutions of M , say C • −→ M . The problem is that the complex S m (C • −→ M ) is not necessarily Hom Ch(RMod) (dw GProj, −)-exact. The proof we give below uses the fact that from a special Gorensteinprojective pre-cover of X, we can obtain a special Gorenstein-projective pre-cover of Xm Bm(X) . Before going into the details, we need the following definitions and lemmas. Definition 6.1. A cotorsion pair (A, B) in an Abelian category C is given by two classes A and B of objects in C such that A = ⊥ B and B = A ⊥ . Given a chain complex (A, B) in C, we say that a chain complex X is a differential graded A-complex if X m ∈ A for every m ∈ Z, and if every chain map X −→ B is chain homotopic to zero whenever B is a B-complex. The class of differential graded A-complexes shall be denoted by dg A.
Lemma 6.1. If R is a Gorenstein ring, then dw GProj = dg GProj. Dually, dw GInj = dg GInj.
